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Abstract

Denote by 61 = min {d(x1)+d(z2)+---+d(zr) — |N(x1)NN(z2)N---NN(z)] |
x1,x2, -+ ,x are k independent vertices in G}. Let n and m denote the number
of vertices and edges of (G. For any connected graph G, we give a polynomial
algorithm in O(nm) time to either find two disjoint paths P; and P, such that
|P1| + |Py| > min{G4,n} or output G = UE_,G; such that for any 4,5 € {1,2,...,k}
(k> 3), V(G;) NV (G,) = {v}, where v € V(G).

Keywords: path, degree sum, dominating path

1 Introduction and Notations

In this paper we consider finite graphs without loops or multiple edges. We use [2] for
terminology and notations not defined here. Let n and m denote the number of vertices
and edges of G. A hamiltonian cycle (path, resp.) is a spanning cycle (path, resp.) of the
graph. A graph G is called hamiltonian if G has a hamiltonian cycle. The circumference
¢(@) of graph G is the longest cycle in graph. Given a subset S C V(G), the subgraph
of G induced by S is denoted by G[S]. Let P = x125...z, be a path in graph G. We use
Plx;,x;] or z; Px; to denote the sub-path x;z;11...z; of P. Define P(x;, x;] = Plxit1, %],
Plz;,x;) = Plx;,xj_1] and P(x;,z;) = Plxig1,7;-1]. We use similar definitions for a
cycle. For any i, we put z; = 2,41, ¥, = x;_1, 1> = 249 and 1,2 = 2;_5. For a vertex
set ACP, At={z" |z e A}, A~ ={o |z € A}, A" = (A")T and A2 = (A")". For

a vertex = of GG, a neighbor of x means a vertex adjacent to =, denoted by Ng(x), and the

*The work was partially supported by NNSF of China
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degree of z is the number of neighbors of z, denoted by d(x). Let Np(x)™7 = {z; | 2]/ €
Np(z)}, j > 1. A path P is called dominating if no component of G — P has more than
one vertex. Let o, = min {d(xy) + d(xs) + -+ + d(zx) — [N(z1) " N(z2) N+ N N(xp)] |
X1, %9, -+, Tk are k independent vertices in G} and o = min {d(zy)+d(xe)+---+d(xy) |
x1,Z9, -,k are k independent vertices in G'}.

Various long path and cycle problems are interesting and important in graph theory

and have been deeply studied. Two classical results are due to Dirac and Ore respectively.

Theorem 1.1 (Dirac [3]) Let G be a graph on n > 3 vertices. If the minimum degree

6 > 5, G is hamiltonian.
Theorem 1.2 (Ore [7]) Let G be a graph onn > 3 vertices. If o9 > n, G is hamiltonian.

It is natural to consider sufficient conditions concerning the degree sum of more inde-
pendent vertices. Flandrin, Jung and Li [4] investigated the degree sum of three indepen-

dent vertices and obtained the following result.

Theorem 1.3 (Flandrin, Jung and Li [4]) Let G be a 2-connected graph of order n.

If 63 > n, G is hamiltonian.
These results are also generalized to the circumferences of the graphs.

Theorem 1.4 (Dirac [3]) Let G be a 2-connected graph onn > 3 vertices. Then ¢(G) >
min{n,20}.

Theorem 1.5 (Bermond [1]) Let G be a 2-connected graph on n > 3 vertices. Then
c(G) = min{n,oy}.

Theorem 1.6 (Wei [8]) Let G be a 3-connected graph on n > 3 vertices. Then ¢(G) >

min{n, s }.

H. Li [6] further studied the degree sum of four independent vertices in 3-connected

graphs and proved:

Theorem 1.7 (Li [6]) Let G be a 3-connected graph of order n. If 64 > n+3, G has a

dominating maximum cycle.

Moreover, Zhang and Li [9] gave a bound of the length of a path by the neighborhood

condition of any three independent vertices of the path.

Theorem 1.8 (Zhang and Li [9]) Let G be a 2-connected graph of order n > 3. Then
there exists a vertex x and a path P such that x is an end-vertex of P and P contains at

least min{n,s(x, P) + 1} vertices. Furthermore, P can be found in O(nm) time.
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This paper investigates four independent vertices in graph G. The main result is the

following:

Theorem 1.9 Let G be a connected graph. Then G has two disjoint paths P, and P,
satisfying |Py| + |Py| > min{G4,n} or G = U¥_|G; such that for any i,j € {1,2,...,k}
(k>3), V(G;) NV(G;) ={v}, where v € V(G).

In the following two sections, we show that finding two disjoint paths can be realized
by a polynomial algorithm. Such an algorithm with time complexity O(mn) is given in

this paper.

2 Algorithm

Let Pi = wyug...u, and Py = vgv,...v, be two paths satisfying:

(a) P, U P, covers as many vertices as possible,

(b) subject to (a), P is as long as possible,

(c) subject to (a) and (b), P, is as long as possible.
Based on (a), (b) and (c), two paths P, and P, are constructed such that |Py| + |Py| >
min{a4,n}.
Circumstance 1: There is a vertex v € V(G)\V(P;) which is adjacent to one end-vertex
of P.

Operation 1: Extend P, by adding v.

U, u, v u, u, v
o—o o o L] e—o o o o
Figure 1.

Circumstance 2: vy is adjacent to u, and V(G)\V(Py) # 0.
Operation 2: Let v be a vertex in V(G)\V (P;) which is adjacent to a vertex u; of P;.

Reset P1 = VU;Uj—1-- - UoUpUp—1-- - Uj41-

u, . u, U., - u, u,,: U, U, ™ U,
o—o —0 o o o
[ BY v

Figure 2.

Circumstance 3: u; € Np, (uo) N Np, (u,)™ and V(G)\V(Py) # 0.
Operation 3: Reset Py = ;uq1...upU;—1U;—2...ug and then extend it further by opera-

tion 2.



ov v

Figure 3.

Circumstance 4: There is a vertex v € V(G)\V (P;) such that u;, ;11 € Np, (v).

Operation 4: Reset Py = ug...u;UU;41...Up.

Figure 4.

Circumstance 5: There is a vertex v € V(G)\V(P,) U V(P,) which is adjacent to one
end-vertex of P.
Operation 5: Extend P, by adding v'.
Circumstance 6: vy is adjacent to v, and V(G)\V (Py) UV (Py) # 0.
Operation 6: Let v" be a vertex in V/(G)\V (P;) UV (P,) which is adjacent to a vertex
v; of Py. Reset Py = v'vivi,l...voquq,l...viﬂ.
Circumstance 7: v; € Np,(vg) N Np,(v,)" and V(G)\V(Py) UV (Py) # 0.
Operation 7: Reset Py = v;v;41...040;-1V;—2...v9 and extend it further by operation 6.
Circumstance 8: There is a vertex v' € V(G)\V (P,) UV (P,) such that v;, v;;1 € Np,(v').
Operation 8: Reset Py = vo...viv/viﬂ...vq.

Circumstance 9: There exists a vertex u; € Np, (vo)™ N Np, (ug), 1 < j < |Pyl.
3,,—(+1)

Operation 9: Reset P, = v,...vou; ’u, UOU Uiy 1 - U

Uo." U] e u; U, Uy |75 u, u

o — —0—0°
Vo vy vy vy
Figure 5.

Circumstance 10: There exists a vertex u; € Np, (vo) ™ N Np,(u,), 1 < j < |Pyl.
Operation 10: Reset P, = vq...vou;rjuj(jﬂ)...upuiui_l...uo.

Circumstance 11: There exist two different vertices u; € Np,(v9)™ N Np, (u,) and u; €

Np, (v9)"™ N Np, (), i < 7, 1 <min{m,l} < |Psl.

Operation 11: If min{m,l} = m, reset P; = v,...vou ™

J
min{m,l} = [, reset P, = vq...vou;l...uouj...upuiuiﬂ...uj_l.

...upuiui,l...uoujuj,l...uzgrl. If
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Circumstance 12: There exist two vertices u, € Np, (vo) and u; € Np, (ug)™7 N Np, (u,),
1< <P
Operation 12: It k <ior k > 1+ 4, reset P, = vq...voukuk_l...uou;“j...upuiui_l...ukﬂ or

P = vq...voukukﬂ...upuiui,l...uoujj...uk,l. If it <k <i+j, reset P, = v,...00UEUL_1... U

ujj...up or Py = vg.. 00Uk Uk41.. UpUii—1 ... U
Wy W wl Uy u; .u,,
vt o v'. %
Figure 7.

Similarly for vertex v, repeat operations 9 to 12.
Circumstance 13: There exists a vertex v € V(G)\V(P) U V(P,) U V(P3) which is
adjacent to one end-vertex of Pj.
Repeat the same operations 1, 2, 3 and 4, until such operations can no longer be
carried out. Set P3 = wqwy...w;.
Circumstance 14: There exists a vertex u; € Np, (wo)™ N Np, (ug), 1 < j < |P3).
Operation 14: Reset P = wl...wou;j...uouiuiﬂ...up.
Circumstance 15: There exists a vertex u; € Np, (wo)™ N Np,(up), 1 < j < |Psl.
Operation 15: Reset Py = wl...wou;rj...upuiui,l...uo.
Circumstance 16: There exists a vertex u; € Np, (wy) ™7 N Np,(vg) or u; € Np, (we)™ N
Np,(vo), 1 <j < |P.
Operation 16: Reset P; = vg...00uu;—1...up and P, = wl...wgujj...up such that |P| >
| P,




Circumstance 17: There exist two vertices u; € Np, (vo) N Np™(up) and u; € Np, (wy),
j>z+m,1§m§|P3]
Operation 17: Reset Pi = v,...00UU;i—1...up and P, = wl...wouj...upufm...uj_l such

v, - v,
o o o
Wﬂ M}/
Figure 9.

Circumstance 18: There exists a vertex v; € Np,(wo)™ N Np,(vg), 1 < j < |P3).

Operation 18: Reset Py = wl...wov;j...voviviﬂ...vq.

Circumstance 19: There exists a vertex v; € Np,(wg) ™ N Np,(v,), 1 < j < |P).

Operation 19: Reset P, = wl...wov;rj...vpvivi_l...vo.

Circumstance 20: There exists a vertex v; € Np,(wo) N {vg—i51, -, Vg }-

Operation 20: Reset Py = wy...wov;...vy.

Similarly for vertex w;, repeat operations 14 to 19.

Algorithm

Input: A connected graph G.

Output: Two disjoint paths P; and P, which cannot be extended by operations or
G = Uf_ |G, such that for any i,j € {1,2,....k} (k > 3), V(G;) NV(G;) = {v}, where
v e V(G).

Step 1. Set P, = v, where v is an arbitrary vertex in G.

Step 2. Extend P; repeatedly by Operations 1 to 4 until such operations can no
longer be carried out.

Step 3. If V(G)\V(Py) = 0, set P, = () and output P; and P,, stop. Else, set P, = v,
where v is an arbitrary vertex in V(G)\V(P,).

Step 4. Extend P, repeatedly by operations 5 to 8 until such operations can no longer
be carried out.

Step 5. If V(G)\V(P1) UV (Py) =0, output P, and P»; stop. Else, if one of circum-
stances 9 to 12 happens, extend P, by the corresponding operation; go to step 2. If one
of circumstances 6 to 8 happens, extend P, by the corresponding operation; go to step 5.

Step 6. If V(G)\V(P) UV (P,) =0, output P, and P»; stop. Else, set Py = v, where
v is an arbitrary vertex in V(G)\V (Py) UV (P).

Step 7. Extend P; by operations similarly as 1 to 4 until such operations can no

longer be carried out.



Step 8. If one of circumstances 14 to 17 happens, extend P; by the corresponding
operation; go to step 2. If circumstances 18 to 20 happens, extend P, by the corresponding
operation; go to step 5.

Suppose that vy and wq are respective end-vertices of P, and Ps.

Step 9. If Np,(wg) # 0, or |[Np,(vo)| > 2, or |Np,(wp)| > 2, output P; and P». Else,
set P, =wv (i > 4), where v is an arbitrary vertex in V(G)\V(P) UV (P,) UV (Ps).

Step 10. Extend P; by operations similarly as 1 to 4 until such operation can no

longer be carried out, and then repeat steps 8 and 9 for the end-vertex of P;.
Step 11. If V(G)\ UL, V(P;) # 0, go to step 9. Else, output G = UY_,G[V (P,)]; stop.

To prove the main Theorem, we need the following Lemmas.

Lemma 2.1 Let G be a graph, P = vivs...v, a path in G and uy,ug, us, us four vertices
in V(G) — V(P). Suppose that v ¢ Np(ug) and v, ¢ Np(ug). If for any integer m > 2,
the following hold:

(1) Np(us)™ N Np(ug) = 0, Np(ui)™ N Np(uz) = 0 and Np(u1)™ N Np(uy) = 0,
1<j<m,

(i) Np(uz)~ N N ( 1) = 0, Np(u1)” N Np(uz) = 0, Np(uz)™ N Np(ug) = 0 and
Np(uz)t N Np(uz) =

(i) Np(uz)~ NN, (US) =0 and Np(uz)~ N Np(uz) =0,
then S+ dp(u;) <p+ 2+ X, where A = | M, Np(uy)).

Proof. If |P| = 1, the result is trivial. Assume that the result holds for any path P" with
|P'| < |P|.

Suppose that Np(uy) = {vi} and Np(us) = {v,}. If one of vy ¢ Np(uz) and v, ¢
Np(ug) holds, by (iii), 2%, dp(u;) < p+2-+X. So assume Np(u;) # {v1}. Let Np(uy) =
{viy, Viy, ..., v, }. If for any two consecutive vertices v;,_, and v;, of Np(uy), i — i1 < 3
and i1 < 4, denote P, = Plvy,v;, 1], Py = P[Uil,UiQ—ﬂ, -, Py = Pluy,_, V-1, Pep1 =
Plv;,,v,). By (i) and (ii), 32, dp,(u;) < |Pj| + X;, j = 1,...,k. By induction hypothesis,
S dp,, () < [Pepa| + 2+ Mepr. Thus, S5 dp(u;) = Zk“ S dp () < p+24 A
Let v;, be the first vertex of Np(u;) such that ¢, — i1 > 4 or iy > 5. By (i), v;,-1 ¢
Ut Np(w;). If v,_o ¢ Ul Np(u;), denote Py = Plvy,v;,_3] and Py = Plv;,,v,]. Since
v1 & Np,(ug) and v, ¢ Np,(uy), by induction hypothesis, S+ dp, (u;) < |Pi| +2 + A
and 31 dp,(u;) < |Po| 4+ 2+ Ao Then S0 dp(u;) < [Pl +2+ M+ |Po| +2+ Xy =
p+2+ X Assume v, 5 € UL, Np(u;). By (i), v;,_o € Np(uz). By (ii) and (iii),
vi,—3 & Ui Np(u;). Denote P, = Plvy,v;,_4], Po = v;,—2 and P3 = P[v;,v,]. Then
S dp(w) S|P +24+ M +|Po| + |Ps| +2+ X3 =p+2+ A\, O

Lemma 2.2 Let G be a graph, P = vivy...v, a path in G and ui,ug, us three vertices in
V(G) = V(P). If for any integer m > 2, the following hold:
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(i) Np(uy)™ N Np(uz) = 0 and Np(ug)™ N Np(uz) =0, 1 < j < m,

(1) for two consecutive vertices v; and vj (j > i) of Np(ug), either {vj_p,...,vj_1} N
(Uiz1,aNp(wi) = 0 or {vit1, o, Vigm } 0 (Uiz1aNp(ui)) = 0,

(7i) Np(ui)™ N Np(ug) =0 and Np(uz)™ N Np(ug) = 0,
then Y ;15 4dp(u;) <p+2.

Proof. If |P| = 1, the result is trivial. Assume that the result holds for any path P" with
|P'| < |P|.

Suppose [Np(uz)| = 1. By (iii), > ;14 dp(u;) < p+ 2. So assume that |[Np(uz)| >
2. Let v;,v; be the first and the second vertices of Np(uz). Denote P, = Plvy,v;],
Py = Plvi41,vj_1] and Ps = Plvj,v,]. Since v; is the first vertex of Np(us), similarly,
> ic124dp (u;) < |Pi[4-2 and the equality holds only if v; € Ni=1 24 Np, (u;). By induction
hypothesis, >, 5 dp(wi) < [P3| +2. Ifj—i <m+1, by (i), D1 94dp(ui) = 0.
I icipadp(u) < [P+ 1, 3 0adp(u) = 32 04(dp (u) + dpy(ui) + dp, () <
[Pl + 1+ B3] +2=[P| - || +3. By (i), [R| > 1. Thus > ,_,,,dp(u) < |P|+ 2.
If > 104dp(w) = [Pi] + 2, vi € Nizi24Np(w;) and then by (i), [P2] > 2. Hence
iy aa () < |P+2+ [ Py|+2 = ||~ Po|+4 < |P|+2. Tt j—i > m-+2, by (ii) and (i)
Zi:1,2,4 dp,(u;) < |Py|—m. Thus Zi:1,2,4 dp(u;) < [Py|42+|Ps|+2+[Py|—m = [P[+4—m.
Asm >2,>0 ,,dp(u) <p+2. 0

Lemma 2.3 Let G be a graph, P = v1v;...v, a path in G and uq,us two vertices in
V(G) = V(P). If for any integer I > 1, the following hold:

(i) Np(us) # 0 and Np(us) N {vp_i41,...,0,} = 0,

(1) Np(u3)™ N Np(uz) =0 and Np(uz)™ N Np(uz) =0, 1 < j <1,
then 3, _o5dp(u)) <p—1+1.

Proof. We proceed by induction on [Np(uz)|. If [Np(us)| =1, by (i), ;o5 dp(ui) <
p—1+1.

Assume the result holds for |Np(us)| < k. Suppose that Np(us) = {vi,, viy, ..., Vi, }-
If for any consecutive vertices v;,_, and v;; of Np(us), i; —i;-1 < I, by (i) and (ii),
Np(tg) O {0341, Viy 42, ooy Vi, Ui oy 01 = 0. As Np(ug)™ N Np(ug) =0, 3,y 5 dp(us) <
p—1—(INp(u3)|—1)+1=p—1+1+1—|Np(uz)| <p—1+1.

So assume there exist two consecutive vertices v;; and v;,,, of Np(u3) such that i, —
ij > I+ 1. Denote P, = Plvi,v;, ] and P, = P[v;;1441,v,). By induction hypothesis,
Dicosdp(ui) < [P =1+ 1and >, dp,(u;) < |P| =1+ 1. Thus >, dp(u;) =
>icas(dp (wi) +dp,(u) <P =1+ 1+ |P| =l+1=p—1+1+1-1<p—1+1 O



3 Proof of Theorem 1.9

Since each of 20 operations either extends P, or increases P by at least one vertex, at
most O(n) extensions are needs. Furthermore, each extension can be completed in O(m)
time by graph searching (see for example [5]). Hence, P can be found in O(mn) time. In
the following, we prove that G has two paths P, and P; satisfying |Py|+|Ps| > min{c4,n}
or G = UF_,G, such that for any 7,5 € {1,2,....k} (k > 3), V(G;) NV(G;) = {v}, where
v e V(G).

Without loss of generality, we assume that P3 # 0. Let Py = uous...up, Po = vgv;...7,
and P; = wow;...w; be the paths found by Algorithm 1. By Operations 1, 2 and 5, uy,
up, Vo and wy are independent vertices. Furthermore,

Np, (up) N Np, (u,)t =0 (by Operation 3),

Np,(v9)" N Np,(vg) =0 and Np, (wo)™ N Np, (wg) = O (by Operation 4),

(
Np2 (wo)* N Np,(wy) = O (by Operation 8),
Np, (v9)* N Np, (ug) = 0 and Np, (v9) ™ N Np, (u,) =0, 1 < j < g (by Operations 9
and 10),
Np, (wo)™ N Np,(ug) =0, Np, (wo) ™ N Np, (u,) =0, 1 < j <1 (by Operations 14 and
15),

Np, (v9) N Np, (wo)™ =0 and Np,(ve) N Np, (wo)™ =0, 1

Np,(wo)™ N Np,(vg) = 0 and Np,(we)™? N Np,(v,) =0, 1
and 19),

Np,(wo) N {vg-151,...,v4} = 0 (by Operation 20).

Moreover, if u;, u; € Np, (vo), ¢ < j, by Operauons 9 and 11, P(u;, u; %) N (Np, (ug) U
Np, (up)) = 0 or by Operations 10 and 11, P(u;?, u;] N (Np, (uo) U Np, (uy)) = 0.

If Np,(v9) UNp,(vy) =0 and vov, ¢ E(G), then a4 < d(ug) + d(u,) + d(vo) + d(vy) —
|N(uo) NN (up) NN (v9) NN (vy)| < |Pr| =2+ |Po| —2 = |Pi|+ | P2| —4. Thus |P|+ |P] >
s + 4. If vgv, € E(G), by the connectivity of G and the choice of P, a vertex of
P is adjacent to a vertex of P. As G[V(P,)] contains a Hamilton cycle, assume that
Np,(vg) # 0. By Operation 12, Np, (ug)™@ N Np (u,) = 0, 1 < j < g. Similarly, if
Np,up,(wo) = Np,up,(w;) = 0 and wy is non-adjacent to wy, |Pi| + |Py| > a4 + 4. If
wow; € E(G), G[V(Ps)] contains a Hamilton cycle. By the connectivity of G, assume
Np,up,(wo) # 0. If Np, (wy) = 0, by Lemma 2.2 and Lemma 2.3, d(uo) + d(u,) + d(vg) +
d(wo) — |N(ug) N N(up) N N(vg) N N(wo)| < |Ps| =1+ |P|+ |P| =1 = |P|+|P2| — 1L
Thus |Pi| + |Ps| > 74 + 1.

So assume that Np, (wg) # 0. If there exist two vertices u; € Np, (vg) and u; € Np, (wy),

j <1 (by Operation 16),
j <l (by Operations 18

i # j, by Operation 16, |j —i| > ¢. Without loss of generality, we choose two such
vertices w;,u; (j > 1), such that {w;11,uite,...uj—1} N (Np (v9) U Np (wg)) = 0. By
Operation 17, {u;}*™ N Np,(u,) = 0, 1 < m < I. Take P, = v,Pyvou;u;_1---ug and



P, = W Pswotjwsq -+ upthygy - - - wj—1, where w; € Np, (up,) N P(u;,u;). By Lemma 2.1,
d(ug)+d(up)+d(ve)+d(we) < |Py|+2+ A and d(ug)+d(u,)+d(vo) +d(wo) < | Pyl +2+ .
Then 77, d(ug)+d(up)+d(vo)+d(w) < |Py|4+2+ 4| Po|+2+ A1 = |Pi|+2—14), where
A= |NL, Np(u;)|. Then S d(w;) < [P +2—1+A+|Py| =1+ |Ps| =1 < |Py| 4 |Po| + ).
So |Pi| + |Py| > G4. If Np,(wo) # 0, or |[Np,(vg)] > 2, or |[Np,(wp)| > 2, the result holds
similarly as above. So Np, (vg) = Np, (wo) = {u;}.

By the symmetry of vy and v,, Np (v,) = {w;}. If vov, ¢ E(G), d(uo) + d(u,) +
d(vo) + d(vy) < |Pi| + A+ |Ps| — 2. Then |Pi| 4 |Py| > 64+ 2. So assume that G[V (P)]
contains a Hamilton cycle. Then for any vertex v; of V(P,), Np,(v;) C {u;}. Similarly
for other end-vertices of P;. Hence G = UF_,G; such that V(G;) N V(G;) = {u;}, for any
i,j€{1,2,...k} (k> 3). O
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